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Abstract. Let g(t) with t e [0, T) be a complete solution to the Kaehler- 
Ricci flow: gjfl'y = ~Rij where T may be oo. In this article, we show that 
the curvatures of g(t) is uniformly bounded if the solution g(t) is uniformly 
equivalct. This result is stronger than the main result in Sesum [B] within the 
category of Kahler-Ricci flow. 

I. Introduction 

Let M n be a Kahler manifold of complex dimension n. Let g(t) with t G [0, T) 
be a complete solution to the Kahler-Ricci flow: 



where T may be oo and c is a real number. We assume that g(t) satisfies Shi's 
estimate (Ref. Shi [7]): 



„ C(k,s) 



(1.2) \\V k Rm\\\x,t) < 

for any nonnegative integer k, any s G (0, T) and any (x,t) 6 M X (0, s], where 
C(k,s) is a positive constant depending on k and s. When M n is a compact 
Kahler manifold, this assumption is superfluous because a solution to the Kahler- 
Ricci flow (II. ip will automatically satisfy Shi's estimate (11.21) . By the uniqueness 
result of Chen-Zhu [3], such a solution to Kahler-Ricci flow ( 11.11) is uniquely 
determined by its initial metric g(0). 

In this article, we obtain the following main result. 

Theorem 1.1. Let g{t) with t G [0, T) be a complete solution to the Kahler-Ricci 
flow / [j.jp satisfying Shi's estimate U.S\) . Suppose that there is a positive constant 
C such that 

C- X g{d) < g(t) < Cg(0). 
l 
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Then, for any nonnegative integer k, there are two positive constants A k and B k 
such that 



\V k Rm\\ 2 (x,t) < A k + -± 

t K 



for any (x,t) £ M x [0,T). 



In particular, when k = 0, this result is stronger than the main result in Sesum 
[6] within the category of Kahler-Ricci flow. 

This result is useful for obtaining long time existence for Kahler-Ricci flow. 
As an application, we will give a simple long time existence of Kaler-Ricci flow 
which implies Cao's result (Ref. [I]) on long time existence of Kahler-Ricci flow 
on compact Kahler manifolds. 

Acknowledgements. The author would like to thank Prof. Jianguo Cao, Prof. 
Peng Lu and Prof. Xingwang Xu for interesting and encouragement. 

2. A MAXIMUM PRINCIPLE 

Proposition 2.1. Let g(t) with t £ [0, T] be a smooth family of complete Kahler 
metrics on M. Suppose that the sectional curvatures of g(0) are bounded and 
there is positive constant Cq such that 

C o -^(0) < g(t) < C g(0) 

for any t £ [0,T]. Let h £ C°°(M x [0,T]) be such that 

sup h(0) < sup h < oo. 

M Mx[0,T] 

Then, there is a sequence (xk,tk) £ M x (0, T] such that 

dh 

lim h(x k ,t k ) = sup h, lim || Vh\\(x k , t k ) = 0, -^-{x k ,t k ) > 0, 

k— >oo Mx[0,T] k-^oo C/t 



and 



lim sup Ah(x k , t k ) < 0. 

fc— >oo 
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Proof. By adding a constant to h, we can suppose that sup Mx [ 0T ] h — 1. Let p 
be a fixed point. Let p be a smooth function on M, such that 

C{\l + r (p, x)) < p{x) < Ci(l + r (p, x)) 

IIVopII < Ci 

|A p| < d 

all over M, where C\ is some positive constant, (c.f. Theorem 3.6 in Shi [Tj.) 
Then 

|A tP | = < C |^(0) AJ | = Co|A p| < c 2 . 

all over M x [0, T] for some positive constant C^- 

Let rj be a smooth function on [0, oo) such that rj = 1 on [0, 1], r] — on [2, oo), 
and -2 < rj' < 0. 

For any e £ (0, 1/2), let (x , t ) e M x (0, T] be such that 

max{l — e, sup h(0)} < h(x , t ) < 1. 

M 

Let i? > p{xq) be a constant to be determined. Let = rj(p/R) and let (x, t) be 
a maximum point of <ph. It is clear that t > since 

h(x,t) > (4>h)(x,t) > (<t>h)(x ,t ) = h(x ,t ) > swph(x,0). 

M 

Moreover, we have 

1 - e < < 1, V(<M)(x,t) = 0, ^^(^*) > 

and 

A((ph)(x,t) < 0. 
By the first inequality and that sup A/x [ _ s j /i = 1, we know that 

- < 1 - e < h(x, f) < 1, and i < (1 - e) < 0(5, t) < 1. 



Then, 



ll Vfc(S|l) ll = »!!M (l|l) <| : 

f(M-)>0, 
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and 

A>»(., f -)<_^0 + 2(V/,,V0> 
By choosing i? > max{p(x ), — }, we get 

||V/i(x,f)|| < e, and Ah(x,t) < e. 

Therefore, by choosing a sequence — > + , we get a sequence (xk,tk) satisfying 
our requirements. □ 

3. CURVATURES ESTIMATES 

Lemma 3.1. Let git) be a solution to the Kahler-Ricci flow U.l\) on [0, T] with 
T < oo satisfying the following assumption: 

(3.1) ||V fc #m|| < C k 

all over M x [0, T] . Then, for any nonnegative integer k, there is positive constant 
A k , such that 

IIV^IU < A k 

all over M x [0,T]. 

Proof. Because the curvatures are uniformly bounded, by the Kahler-Ricci flow 
equation (11.11) . all the metrics are uniformly equivalent. So, the lemma is true for 
k = 0. 

In the follows, ";" means taking covariant derivatives with respect to go. By 
equation fll.il) . we have 

dg ^ k — rp _ , rn _ 

( 3 - 2 ) = - (V fe % - {g o f a R a ]V k {g o ) i0 ) + cg ihk 

= - [VkRfj + (g f a R a - j {g Sl (go) 1 p9i5;k)] + cg&k- 
Moreover, by the assumption on curvatures and the case that k — 0, 



d\\Vo9\\l 
dt 



<c 1 + c 2 \\v g\\: 
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where C\ and C2 are some positive constants. Therefore, the lemma is true for 
k = 1 and ||Vo-Rra|| is also uniformly bounded since VoRm can be expressed as 
a combination of V-Rm and Vofi 1 - 

Computing further on step by step by taking more covariant derivatives with 
respect to go on both sides of equation (13.21) . we know that the lemma is true for 
all nonnegative integer k. □ 

Theorem 3.1. Let g(t) be a solution to the Kahler-Ricci flow U.l\) on [0, T) 

satisfying the following assumption: 

(3.3) \\V k Rm\\ < C(k,s) 

all over M x [0,s], for any nonnegative integer k and any s G (0, T), where T 
may be 00 and C(k,s) is a positive constant depending on k and s. Moreover, 
suppose that there is a positive constant Cq such that 

Co'go < g(t) < C g 

for any t G [0, T). Then, there is a positive constant C such that 

||Vo<7|| < c 

all over M x [0,T). 

Proof. In the follows, covariant derivatives are taken with respect to the initial 
metric go and normal coordinates are chosen with respect to go- 
Let S = (go) 3l gfj and 

We want to get an estimate of Q. By the assumptions, we have 

nC^ 1 <S< nCo- 

By direct computation, we have 
(3.4) 

9ij;ki — [(go)iv{(goy tl giij) k ]j = gfj,ki+ (go)iu((goy j ') k jg^j = gq,ki + (-Ro)^ - ^; 



6 

and 
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(3.5) Rf jk i — - gfj k i + g Ufl gip-kg fJ , j; i — -gfj-ki + 9 Ufl 9iu;k9^j-i + (Ro)ipki9 



I'j- 



where a comma means a partial derivative. Hence 

(3.6) g lk 9fr,kl = -Rfj + V WW + (Ro) ipkW W 9 lk ■ 

We are now ready to compute the evolution equation of S. 

= (g f(-R i] + cgi] )-g M S kI 

= ~ (9o) ji {-Rij + CQij) ~ 9 kl {9o) ji 9fr,ki 

= - (goY'i-Rfj + cgij) - {go) ]i {- Rfj + g lk g &fl gw-,kg ll - r j + {Ro) ifi ki9^9 lk ) 
= ~ (9oYg lk 9^9iD;kg^i + cS - (R )f jk ig fi g lk 
< - c x Q + C 2 , 

since the curvatures of go is bounded and that the metrics are uniformly equiva- 
lent. 

A similar computations as in Appendix A of Yau |10| (See Remark 13. II) give us 
the following evolution equation of Q. 



(3.7) 



i,j,k,l J 7 ' 



/ , \ \ \ \ 9iq;k[i / j \ (9aq\i9ka\(i 9aq;)j,gia;k 
t,q,K,fj, 



with 



\m\ < c 3 q + c 4 , 

where we have chosen a normal coordinate of go such that gq = \5ij. Then, by 
choosing C 5 be such that C\C$ — C 3 = 1, 

(3.8) ' 9 



- A) (Q + C S S) <-(Q + C\S) + Q, 
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Fixed s G (0, T), by Lemma [37TI Q + C^S is a bounded function on M x [0, s] 
By Proposition 12.11 on any closed interval [0,s], if 

sup (Q + C 5 S) > sup(Q + C 5 S){; 0) = nC 5 , 

Mx[0,s] M 

there exits a sequence (x k ,t k ) G M x (0, s], such that 

lim (Q + C 5 S)(x k ,t k ) = sup (Q + C5S), — ~t^ 5S \ x k ,t k ) > 0, 

fc-* 00 A/x[0,s] 0,1 



and 



Then, by ( ETSj) . 



That is, 



limsupA(g + C , 5 ^)(x fc ,4) < 0. 



< liminf (- - A) (Q + C 5 S)(x k , t k ) 
<- lim(g + C 5 S)(x fc ,4) + C , 6 
= - sup (Q + C 5 S) + C 6 . 

Mx[0,s] 



sup (Q + C 5 S) < C 5 . 

Mx[0,s] 



Since s G (0, T) is arbitrary, 

Q < Q + < max{C 6 , nC 5 } 
all over M x [0, T). □ 

Remark 3.1. We explain the computation of the evolution equation (I3.7P of Q in 
more details. Note that, locally, we have 

9ij = u fj + (go)ij- 

Then, in a local coordinate, the Kahler-Ricci flow (11.11) becomes 

/ det(u w -+ (go)kl)\ , /„ n . / x 
= (log det(/7())i . j tj + + 

which makes our settings the same as in §8 of Chau [2j. An detailed computation 
can be found in Shi [TJ. 
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Theorem 3.2. Let assumptions be the same as in the last thoerem. 
any nonnegative integer k, there is a positive constant A^, such that 



Then, for 



\\^g\\<A k 

all over M x [0,T). 

Proof. We prove it by induction on k. When k = 0, it is by assumptions. When 
k — 1, it is just the last theorem. Suppose that the inequality is true for k = 
0, 1, • • • , m — 1, we want to get the inequality for k = m. Because the metrics are 
uniformly equivalent, it suffices to give an estimate to the quantity 

Qm = \\V^g\\ 2 go = (g )^ ■ ■ ■ ^o)^ ™^)' 1 ^)^^;^^...^^^...^, 
where a[s and P[s belong to {1, 2, • • • , n, 1, 2, • • • , n}. 

(|- A K 

=2(5'o) /3iai ■ • • (9o)^ mam (go) h (go) jk (-Rij;a 1 a 2 -a rn + C 9i];a 1 a 2 --a m )gkl;l3 1 l32-f3 m 

- 2f\g Q f^ ■ ■ • (^o)^ am (^o) r4 (^o) Jfc ^> ia2 ... Qm A^ fc r; /3l/32 ... /3m 

- 2/ A (so) /3iai • ■ ■ {^)^{^tim^9Q^..^m^-M 

< - 2(g )^ ■ ■ • (^o)^ Qm (^o) ri (^o) 5fc %; QlQ2 ... am fe-; /3l/32 ... / 3 m 

+ ClQm + CiQm — —Qm+1 

< - 2(g f^ ■ ■ • (^o)^ Qro (&o) S (^o)^%; Qia2 ...a m ^^ 1/3 ,../ 3m 

- 2(<7o) /3lQ1 " " " (5o)^ Qra (^o) ri Uo) Jfe (/ A ^;A /i );a 1 a 2 ... am ^r; / 3 1 / 32 ...^ 

II 3 1 X 

+ C^QmQm+1 + C$Qm + C^Q m + C^Qm — —-Qm+i 

^0 

where we have used the Ricci identity and the induction hypothesis. 
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Substituting identity (13. 61) into the last inequality, we get 
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(£-A)Q m 

< - 2(g )^ ■ ■ • (^) /3mam (^o) ri (^o) jfc ^> ia2 ... am ^r; /3l / 32 .../ 3m 

- 2(so) AQl • • • (gof mam (gof(go) ]k (-Ri] + /V^p^v 

11 3 1 \ 

+ C§QmQm+l + C^Qra + CiQ m + C^Qm ~ ~^-Qm+l 

^0 



1 



<CloQm<5m+l + CgQm + CgQm + CjQm — —Qm+1 

^0 

3 

<CnQm + C12 — C 13 <5m+1. 



The same computation using the induction hypothesis provides us 



(J^ - A^Q m _! < C14 - Ci 5 Q r 



Moreover, note that 



|(VQ m _i,VQ m _i>| 
Ig^iQm-MQM 
\g n \gof iai ■ ■ ■ (so)^- 1 ^" 1 ^)^ 



where we have used that the metrics are uniformly equivalent and the induction 
hypothesis. 
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Let Q = (Qm-i + A)Q m with A a positive constant to be determined. We have, 

(£-*)« 

=Qm(-Q t - Ajg m _! + (Qm-i + A) (— - A)g m - 2Re{(vg m _i, vg m )} 

3 1 
<Qm( — Ci5Q m , + C14) + (Qm-l + A){ — Ci3<5m+1 + CllQm + C12) + ZCisQmQ 

C15 3 2C 2 

< TrQm + CuQm + (Qm-1 + — c 13Qm+l + C\\Qm + C12) H Qm+1 

Z C15 



2 

m+1 



< - c 16 g 2 + c 



17 

2C? fi 



if we chose A be such that — Ac^ H m = 0, where we have used the induction 

1J C15 

hypothesis. 

Similar as in the proof of Theorem 13.11 using Proposition 12.11 we have 



V Ci 6 

Therefore, Q rn < A' 1 ^^. This completes the proof. □ 

Remark 3.2. The trick used in the proof is basically due to Chau [2] (§9). We 
only simplify it by using norms with respect to the initial metric go instead of 
using g in Chau [2]. 

Corollary 3.1. Let assumptions be the same as in Theorem \3.1\ Then, for any 
nonnegative integer k, there is a positive constant A^ such that 

|| V k Rm || < A k 

all over M x [0,T). 

Proof. Note the by equation (I3.5p . we have 

Rfjkl — ~9i];kl + 9 Utl 9iu;k9iijJ + (Rq) iflkW 'n~j 1 

where covariant derivatives " ;" and normal coordinates are taken with respect to 
go- Hence, by the last theorem, for any nonnegative integer k, there is a positive 
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constant C k such that 

\\V^Rm\\ < C k 

all over M x [0,T). In particular, the corollary is true for k — 0. 
When k — 1, note that 

V\Ri]ki =(g' 3a 9 5l R a j 1 l),x909kS 

Hence the corollary is true for k — 1. 

Computing step by step, we can express \7 k Rm as a combination of covariant 
derivatives of g and i?mo. Therefore, the corollary is true for all nonnegative 
integer k. 

□ 

We come to prove the main result of this article. 

Theorem 3.3. Let g(t) with t £ [0, T) be a complete solution to the Kahler-Ricci 
flow / [j.jp satisfying Shi's estimate U.S\) . Suppose that there a is positive constant 
C such that 

C-^(0) < git) < Cg(0). 

Then, for any nonnegative integer k, there are two positive constants A k and B% 
such that 

\\V k Rm\\ 2 (x,t)<A k + ^ 

for any (x,t) £ M x [0, T). 

Proof. Fixed e £ (0, T). Then, the family g(t) with t £ [e, T) is a solution the 
Kahler-Ricci flow (11. II) satisfies the assumption of Corollary 13.11 Hence, 

|| V^Rm || 2 (x,t) < A k 

for any (a;, t) £ M x [e, T). Combining this with Shi's estimate, we complete the 
proof. 

□ 



12 
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Remark 3.3. Theorem 13.21 is sometimes more useful than Theorem l3.3l For exam- 
ple, when T = oo, we can extract convergent subsequence of metrics by Theorem 



Remark 3.4. The method will not work for the real case. The first obstacle is 
that we do not have an identity which is similar with (13.61) . 



Theorem 4.1. Let g be a complete Kahler metric on M n with bounded sectional 
curvature. Suppose that 



with f a smooth bounded function on M n . Then, the Kahler-Ricci flow ( GUP with 
initial metric g has a long time solution satisfying Shi's estimate 

Proof. Let g(t) with [0, T) be maximal complete solution to the Kahler-Ricci flow 
(11.11) with initial data g(0) = g satisfying Shi's estimate (11.11) . It suffices to show 
that T = oo. Suppose that T < oo, we want to get a contradiction. 

As in Chau [2], the Kahler-Ricci flow (II. ip is related to to the parabolic Monge- 
Ampere equation: 



9i] = 9ij + u i] 18 a solution of the Kahler-Ricci flow (II. ip if u is a solution to 
equation (14.11) . 
Let w = u t . Then, 



4. An application. 



R%j ~\~ Cgij fij 



(4.1) 





ff = Aw + cw 
w(x,0) = f(x). 



By maximum principle, we know that 



w\(x,t) < e ct sup|/| < e cT sup|/| := C 



for any (x,t) G M x [0,T). Moreover 



u\(x,t) < CiT := C 2 
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for any (x, t) G M x [0, T). By the same argument as in second order estimate of 
Mo nge- Ampere equation as in Yau [10] (see also Chau [2j), we know that 

tf% = n + Au< C 3 . 

By equation (14. ip . 

detg fj 
det gq 

Let Ai < A 2 < • • • < A n be the n eigenvalues of gq with respect to gq. Then, we 
have 

Ai + A 2 H h A n < C 3 and A x ■ A 2 • ■ • A re > c 4 . 

Therefore A n < C 3 and A x > \ 2 \^...\ — c 4,C 3 ~ n+1 := C5 which implies that g{t) 
is uniformly equivalent to g. By Theorem 13. 3[ curvatures of g(t) is uniformly 
bounded. This violates that g(t) is a maximal solution. □ 

Remark 4.1. When M n is a compact Kahler manifold, if the potential / exists for 
the initial metric, then / is automatically bounded. Hence, the Kahler-Ricci flow 
( 11. ip has a long time solution in this case. This is just the long time existence 
result in Cao pp. 
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